Expert Systems With Applications 273 (2025) 126784

Contents lists available at ScienceDirect E:pen "
Systems m )
X“hl' - 1 EB
. . . pplications %
Expert Systems With Applications
R 5
o
journal homepage: www.elsevier.com/locate/eswa
Neural Chronos ODE: Modelling bidirectional temporal patterns in
time-series data
C. Coelho?®@-*, M. Fernanda P. Costa®®, L.L. Ferras "¢
a Centre of Mathematics (CMAT), University of Minho, Braga, 4710 - 057, Portugal
b Centro de Estudos de Fenémenos de Transporte, Faculty of Engineering, University of Porto, Porto, 4200-465, Portugal
¢ ALIiCE, Faculty of Engineering, University of Porto, Porto, 4200-465, Portugal
ARTICLE INFO ABSTRACT
MSC: This work introduces Neural Chronos Ordinary Differential Equations (Neural CODE), a deep neural network
65L05 architecture that fits a continuous-time ODE dynamics for predicting the chronology of a system both forward
65205 and backward in time. To train the model, we solve the ODE as an initial value problem and a final value
giz‘g problem, similar to Neural ODEs. We also explore two approaches to combining Neural CODE with Recurrent
34A34 Neural Networks by replacing Neural ODE with Neural CODE (CODE-RNN), and incorporating a bidirectional
RNN for full information flow in both time directions (CODE-BiRNN). Variants with other update cells namely
I;eyw Olr dI\‘IG:t " GRU and LSTM are also considered and referred to as: CODE-GRU, CODE-BiGRU, CODE-LSTM, CODE-BiLSTM.
T;;lzserii:vor s Experimental results demonstrate that Neural CODE outperforms Neural ODE in learning the dynamics of a
Neural ODE spiral forward and backward in time, even with sparser data. We also compare the performance of CODE-RNN/-

GRU/-LSTM and CODE-BiRNN/-BiGRU/-BiLSTM against ODE-RNN/-GRU/-LSTM on three real-life time-series
data tasks: imputation of missing data for lower and higher dimensional data, and forward and backward
extrapolation with shorter and longer time horizons. Our findings show that the proposed architectures
converge faster, with CODE-BiRNN/-BiGRU/-BiLSTM consistently outperforming the other architectures on
all tasks, achieving a notably smaller mean squared error—often reduced by up to an order of magnitude.

Forecasting future
Unveiling past
Neural CODE
Numerical methods

1. Introduction predictions (Mahadevaswamy & Swathi, 2023; Schuster & Paliwal,
1997; Senthilkumar et al., 2022).
Bidirectional Recurrent Neural Networks (BiRNNs) were introduced

as an extension to traditional RNNs, allowing for processing of data

Neural Ordinary Differential Equations (Neural ODEs) are a type
of Neural Networks (NNs) that fit the solution of an ODE to the
continuous dynamics of time-series data. Unlike traditional NNs, ODEs
are continuous-time functions, allowing predictions to be made at any
point in time and handling data taken at arbitrary times (Chen et al.,

sequences in both forward and backward directions. This enables
combining information from past and future values to make predic-

2018; Rubanova et al., 2019).

Time-series data is commonly used to describe phenomena that
change over time and have a fixed order, with consecutive values
conveying dependence. However, traditional NNs treat each input as
independent, making it difficult to perceive the time relation between
consecutive inputs (Hewamalage et al., 2021).

Recurrent Neural Networks (RNNs) were introduced to handle this
issue by adding a recurrence mechanism, allowing for the learning
of dependencies between current and previous values and handling
arbitrary length input and output sequences (Elman, 1990). However,
in certain tasks such as natural language processing (NLP) and speech
recognition, the current value depends on both previous and future
values too, making it important to use future information when making

* Corresponding author.

tions (Schuster & Paliwal, 1997).

Real-world time-series data may have missing values or be sampled
irregularly, creating challenges for RNNs that are designed to recognise
order but not time intervals (Yang et al., 2022). Preprocessing is often
required to convert the data into regularly sampled intervals, which can
lead to additional errors and loss of information due to the frequency
of sampling (Chen et al., 2018; Rubanova et al., 2019).

To address these challenges, ODE-RNNs were proposed. These are
RNNs where state transitions are governed by a continuous-time model
adjusted by a Neural ODE, eliminating the need for preprocessing by
capturing the time dependence of sequential data (Rubanova et al.,
2019).
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Table 1
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Evolution of the continuous-time architectures proposed: Neural CODE, CODE-RNN/-GRU/-LSTM and CODE-BiRNN/-BiGRU/BiLSTM.

State transitions Recurrence mechanism

Authors Continuous-time architectures
Chen et al. (2018) Neural ODE
This work Neural CODE
Rubanova et al. (2019) ODE-RNN
Rubanova et al. (2019) ODE-GRU
Lechner and Hasani (2020) ODE-LSTM
This work CODE-RNN
This work CODE-GRU
This work CODE-LSTM
This work CODE-BiRNN
This work CODE-BiGRU
This work CODE-BiLSTM

ODE -
CODE -

ODE RNN
ODE GRU
ODE LSTM
CODE RNN
CODE GRU
CODE LSTM
CODE BiRNN
CODE BiGRU
CODE BiLSTM

Neural ODEs solve Initial Value Problems (IVPs) by computing
the solution curve forward in time from an initial instant 7, to a
final instant 7,. However, in practice, predicting a system’s behaviour
requires leveraging data both forwards and backwards in time. This
motivates the development of Neural Chronos' ODE (Neural CODE),
a NN architecture that adjusts an ODE to data using information from
both initial and final value problems. Neural CODE can predict the state
of a system at previous time-steps, unlike traditional Neural ODEs

We compare Neural CODE to Neural ODE in predicting spiral dy-
namics in both time directions and with varying amounts of training
data. Our results show that Neural CODE achieves better generalisation
and robustness when predicting forward in time, thanks to the higher
amount of information retrieved from the data. Neural CODE also
improves backward predictive performance, as expected.

To leverage the advantages of Neural CODE, we refined the ODE-
RNN model of Rubanova et al. (2019) by replacing the Neural ODE
by a Neural CODE into ODE-RNN (CODE-RNN). Two variants of the
architecture were created by changing the update cell type to GRU
and LSTM denoted by CODE-GRU and CODE-LSTM, respectively. How-
ever, Neural CODE requires both an initial and final condition to
solve forward and backward, respectively. This is problematic for the
CODE-RNN architecture, which has a single RNN cell that receives an
intermediate hidden state h] from a Neural CODE and outputs a single
hidden state h;. We address this issue by adding a second RNN cell
to the CODE-RNN architecture, resulting in a new architecture CODE-
BiRNN. This architecture uses two separate RNN cells to process data
forwards and backwards in time, allowing for the incorporation of both
initial and final conditions. CODE-BiRNN is further refined by creating
two variants, CODE-BiGRU and CODE-BIiLSTM, which use GRU and
LSTM update cells, respectively. Table 1 shows the state transitions
and the recurrence mechanism used in each of the continuous-times
architectures studied and proposed in this work.

The main contributions of this work are:

Introduction of Neural CODE, a NN continuous-time architecture
able to predict the chronology of a system both forward and
backward in time by solving an IVP and a FVP respectively;
Neural CODE minimises a loss function using predictions com-
puted by an IVP and a FVP, effectively exploiting the interdepen-
dencies within the data;

Introduction of two recurrent architectures, CODE-RNN and
CODE-BiRNN, which enhance Neural CODE by updating the ODE
dynamics with all training observations, overcoming the limita-
tion of Neural CODE only using the initial and final conditions
for training;

Experiments show Neural CODE outperforms Neural ODE in mod-
elling synthetic and real-world datasets, even with sparse data.
CODE-RNN/-GRU/-LSTM and CODE-BiRNN/-BiGRU/-BiLSTM
converge faster and consistently outperform ODE-based counter-
parts on real-world tasks.

1 Greek word for time.

Section 2 is devoted to the three novel deep NN architectures. First,
the Neural CODE architecture is presented along with the mathematical
formulation of the initial and final value problems, followed by the
proof of existence and uniqueness of solution. Then, the two recurrent
architectures CODE-RNN and CODE-BiRNN, are explained in detail,
followed by the presentation of their respective variants, CODE-GRU,
CODE-LSTM, CODE-BiGRU, CODE-BiLSTM.

In Section 3 we evaluate and compare the performance of the
newly proposed NNs namely, Neural CODE, CODE-RNN, CODE-GRU,
CODE-LSTM, CODE-BiRNN, CODE-BiGRU and CODE-BiLSTM with the
baseline NNs Neural ODE, ODE-RNN, ODE-GRU and ODE-LSTM.

The paper ends with the conclusions and future work in Section 4.
Furthermore, we provide an Appendix that presents a brief review of
essential concepts such as Neural ODE, RNN, ODE-RNN and BiRNN.

2. Method

In this section, we introduce the innovative architecture called Neu-
ral CODE, providing the mathematical details that underlie its work-
ings. Additionally, we demonstrate the versatility of Neural CODE by
applying it to enhance the ODE-RNN family through the introduction
of two new distinct architectures: CODE-RNN and CODE-BiRNN.

We define X = (x,x,,...,xy) as a time-series of length N, where
x; € R? represents the data vector at time step i (i = 1,...,N). Y =
(¥1,¥2, ..., ¥n) denotes the ground-truth output time-series, where y; €
R4" is the response vector at time step i. Similarly, ¥ = (7, 75..... 9x)
represents the sequential output data produced by a NN, with 3, € R¢"
denoting the predicted response vector at time step i.

2.1. Neural CODE

By allowing both past and future information to influence the
current prediction, Neural CODE aims to enhance the model’s ability
to handle long-range dependencies and capture subtle patterns in the
data.

In the Neural CODE framework, the continuous dynamics of the
system are modelled by the following differential equation:

? = fo(h(t),1),

where f, is a NN parametrised by a set of weights and biases, 0 (the
architecture of the NN will be presented in the results section). Here,
t represents time, and h(r) denotes the hidden state dynamics, which
is the solution to the differential equation. The idea is to optimise the
function f,, by adjusting the parameters 6 using the information given
by capturing the dependence between the previous and the current
values through forward hidden states h;, as well as the dependence
between the next and the current values through backward hidden
states h;.

In this context, the Initial Value Problem (IVP) (1),

% = fo(h(t).1) with h(tg) = hy )}
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with initial condition h(zy) = hy, is solved in a forward way within the
time interval [z, ? 7

h; = ODESolve(f g. hy.[tg.1/]).

using a numerical ODE solver.

For considering possible relationships between the next and current
values, it is defined a Final Value Problem (FVP) as follows:
dh(t .
_di ) = fo(h(1),1) with h(t;)=h,, 2
where the final condition is given by the value at the last time step, h,.
Furthermore, the FVP is solved in a backward way within the reverse
time interval [¢ 7ot

h; = ODESolve(f g, hy.[t/.1]).

Note that, by solving the IVP (1) and FVP (2) two sets of solutions
are obtained. The first set, denoted as ﬁ,-, represents the solutions com-
puted in the positive direction of time. The second set, h;, corresponds
to the solutions computed in the negative direction of time. For a visual
representation, see Fig. 1.
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within or outside the training time interval. Within the training time in-
terval, t € [t),1,], the method is capable of performing data completion
tasks, where missing data points are estimated. Moreover, the approach
also facilitates prediction of past data, ¢ € [,,.t 7 where t,, represents
a time preceding time #), and prediction of future data, denoted as
t € [ty. 1y ], where t), represents a time beyond time 7.

Algorithm 2 Neural CODE for making future predictions, by solving
IVP (1).
Input: NN f, start time (), end time ¢,,, initial condition (h,, y);
R, — ODESolve(f, hy, [t 1r1);

T

Return: ¥ 5

Algorithm 3 Neural CODE for making past predictions, by solving FVP
(2).

Input: NN f, start time 7, end time ¢, final condition (h,?,);

h, < ODESolve(fg. 0, [1,1,,]);

7

Return: ¥ 5

Algorithm 1 Neural CODE training process.

Input: start time r,, end time ¢ s initial condition (hy,t,), final
condition (h/,?,), maximum number of iterations M AXITER;
Choose Optimiser;
fo < DynamicsN N ();
Initialise 0;
for k=1: MAXITER do
R; < ODESolve(fg, h, [t9,1,]);
h, < ODESolve(fo.hy.[1/.10]);
Evaluate loss L4, using (3);
VL otal < Compute gradients of Ly,
0 « Optimiser.Step(V L ia1);
end for
Return: 6;

To optimise the parameters 6 of the NN we designed a loss function
given by the sum of two terms, namely the mean squared error (MSE)
of the forward and backward predictions, C(E) and C(E) respectively:

Lo (0) =L <h(tn)+ / ' fg(h(t),t)dt> +£<h<t,~)+ / ' So(h(D), t)dt>
to te

f

=L (ODESolve(f g, hy. [15.1,1)) + L (ODESolve(fg. h;.[t/.10]))
=C(h) + L(h,) 3

where £(h) = MSE (;y) and £(h) = MSE (;y) with 7 and ¥
the ground-truth in the forward and backward directions, and §, ¥ the
model predictions in the forward and backward directions.

By minimising the loss function Ly, the optimisation process in
Neural CODE aims to find the parameters 6 that can produce solutions
to the IVP that closely match the true values and, simultaneously,
solutions to the FVP that also closely match the true values.

Similarly to Neural ODEs, the adjoint sensitivity method is used
to compute the gradients of the loss function (Chen et al., 2018;
Pontryagin, 2018).

After the optimisation process has been completed in training a Neu-
ral CODE (Algorithm 1), the ultimate outcome is the ODE dynamics,
adjusted by a NN f,. To make predictions, a numerical ODE solver is
used, which can solve an IVP by starting at the initial condition and
solving forward in time (Algorithm 2), or a FVP by starting at the final
condition and solving backward in time (Algorithm 3).

One advantage of Neural CODE is the ability to model the ODE
dynamics to effectively capture the data dynamics when solved in both
forward (IVP (1)) and backward (FVP (2)) time directions. Therefore,
the proposed approach allows for the computation of valid predictions

Remark. We treat the solution h(t;) = h; obtained from the ODE
solver at time ¢#; as the predicted value ;. However, in some cases, the
solutions h(t;) derived from solving the IVP or FVP may not directly
correspond to the desired predictions ;. In such situations, an addi-
tional NN can be used to process the intermediate solutions h(r;) and
generate the final predictions y;.

2.1.1. Existence and uniqueness of the solution

Neural CODE aims to adjust the dynamics of an ODE that makes
valid predictions when solved both as an IVP (1) and a FVP (2),
originating an Endpoint Value Problem (EVP) (Wang et al., 2018).

To prove the existence and uniqueness of a solution to the EVP we
use the Picard-Lindelof theorem for both the initial and final value
problems, (1) and (2) respectively.

Theorem 1. Let fo(h,1) : RY X [15,1,] — RY, be a continuous vector-
valued function that is Lipschitz continuous, i.e, there exists a constant K
such that for all hy,h, € R? and 1 € [ty, 1],

lfoChy,0) = fo(hy, DIl < Kllhy — hy|l.

Then, for any initial value hy € R?, the IVP (1) has a unique solution
on the interval [t,1].

Proof. The theorem can be proved by Picard’s Existence and Unique-
ness Theorem.

Remark. It should be noted that:

1. By constructing fg, given by a NN, we ensure the continuity
of the function in both variables since it is a composition of
continuous functions. For any pair (h;,t;) € RYX € [t,, ¢ 1, there
is a neighbourhood such that f4(h,?) is continuous within it.

2. Since the function f,(h,?), given by a NN, is a composition
of Lipschitz functions of all layers, each with an associated
Lipschitz constant, and the weights are finite, the function is
Lipschitz continuous in h with K the product of the Lipschitz
constants of its layers, i.e.,

1 foChi, 1) = folhy, DIl < Kllhy — hy|
holds for all (hy,?), (h,,1) € RIx € [to,1;] (Gouk et al., 2021).
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ho [tot, ... td

ODE SOLVER

__Ihg hy ..., hy

ODE SOLVER ——[hy, hey, ..., hol

he [ty tey, .. td

Fig. 1. Diagram of a Neural CODE model capable of making forward predictions by solving an IVP and backward predictions by solving a FVP, in time.

Theorem 2. Let fo(h.1) : R?X[to,1,] — R, be a continuous vector-valued
function that is Lipschitz continuous, i.e, there exists a constant K such that
for all hy,hy € RY and 1 € [1y,1/],

I foChy,0) = fo(hy, DIl < Kllhy — hy|l.

Then, for any final value h, € R, the FVP (2) has a unique solution
on the interval [t,,t 7k

Proof. As the form of an IVP (1) and a FVP (2) are similar (Wang
et al., 2018), Theorem 2 can also be proved using the Picard’s Existence
and Uniqueness Theorem. We use time reversibility, and make the
change of variable H(s) = h(t; — s) which results in the IVP, % =
~fo(H,t; =), HO)=h(t;)=h;. O

Since all the conditions needed for the Picard-Lindelof theorem are
satisfied by both IVP (1) and FVP (2), then it is guaranteed the existence
and uniqueness of the solutions.

2.2. Recurrent architectures based on neural CODE

We now demonstrate the versatility of Neural CODE by applying
it to enhance the ODE-RNN family through the introduction of two
new distinct recurrent architectures: CODE-RNN and CODE-BiRNN. The
reason to introduce recurrent architectures based-on Neural CODE is
that this architecture adjusts an ODE dynamics which is determined
by the initial (IVP (1)) and final condition (FVP (2)). By employing a
recurrence mechanism we aim to update the ODE dynamics at each
observation, having as many initial and final conditions as time steps,
similar to ODE-RNN. The incorporation of a Neural CODE in ODE-RNN
makes CODE-RNN and CODE-BiRNN architectures offer distinct advan-
tages in modelling temporal sequences by leveraging Neural CODE’s
bidirectional capabilities.

CODE-RNN enhances traditional ODE-RNN by integrating Neural
CODE’s ability to solve both IVPs and FVPs. This enables the model
to predict future states while reconstructing past states with greater
accuracy. At each time step, CODE-RNN updates its ODE dynamics
using both forward and backward information, thereby improving its
ability to model temporal dependencies.

CODE-BiRNN extends this concept by incorporating Neural CODE
into a bidirectional RNN framework. Similar to traditional bidirectional
RNNs, it processes input sequences in both forward and backward
directions simultaneously. However, CODE-BiRNN leverages Neural
CODE’s capacity to model continuous-time dynamics, allowing it to

capture hidden states at arbitrary time steps. This ability significantly
enhances its flexibility and effectiveness in handling complex temporal
patterns. The incorporation of Neural CODE’s bidirectional information
extraction enables a more comprehensive understanding of temporal
dynamics by incorporating both past and future contexts. This is par-
ticularly beneficial in applications where the full context of a sequence
is critical.

2.2.1. CODE-RNN

As mentioned, with the aim of further improving the performance of
predictions in both forward and backward directions of Neural CODE,
we propose the recurrent architecture CODE-RNN. This new architec-
ture is built by refining and redesigning the ODE-RNN architecture
of Rubanova et al. (2019) in which we replaced the Neural ODE by
a Neural CODE.

In CODE-RNN, the intermediate hidden state k] in the RNN cell up-
date (A.7), is obtained by combining the forward intermediate hidden
state, ?i, and the backward intermediate hidden state, F,-.

The forward intermediate hidden state, W,-, is obtained as the so-
lution of an IVP within the time interval between the previous and

current time steps, [t;_;,1;]:

d’;z( D f o @1y with W) =W, )

—

On the other hand, the backward intermediate hidden state, k’,, is
obtained as the solution of a FVP within the time interval between the
current and previous time steps, [f;,7;_;]:
dn'(t — B —
% = fo(W (), 1) with W(t,_)=h,_,. (5)

Thus, the solutions are given by:

K. = ODESolve(fg,h';_;,[t;i_1,t;],

— —

W, = ODESolve(fo. I ,_,.[t;.1,;]).

Then, the two intermediate hidden states ?i and ?i are merged to
form the full intermediate state, h; = h’; @ h’;. Hence, the RNN cell
update is:

h; = RNNCeli(h,,x,) with b/ =, & I,.
The training process of CODE-RNN is described in Algorithm 4. It is

important to note that in CODE-RNN, the initial and final conditions of
both the IVP and FVP are determined by the forward h’; and backward
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ODE SOLVER

ODE SOLVER
ODE SOLVER

("1esuod

ODE SOLVER

1
hs (t, t)

RNNCell
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{ : ODE SOLVER 2, [

h hy
- - RNNCell

("aeouod

1 ¥ ODE SOLVER : 1

X1

x

(ty ty)

Fig. 2. Training scheme of CODE-RNN and CODE-RNN unfolded through time (on the right). It uses a Neural CODE to adjust an ODE dynamics through the NN f,.

Fi intermediate hidden states. This is in contrast to BiRNNs, where
the hidden states that propagate from one time step to another also
incorporate the input values x;. Fig. 2 depicts the architecture of
CODE-RNN.

To optimise the parameters 6 of CODE-RNN, the loss function is
defined by MSE:

£0)=MSEX,Y). (6)

This is a standard loss function commonly used in NNs, as opposed to
the loss function (3) specifically designed for Neural CODE.

Algorithm 4 CODE-RNN training process.

Input: Data points and their timestamps {(x;,7,)};—;
number of iterations MAXITER;
By < 0, hy < 0;
Choose Optimiser;
fo < DynamicsN N ();
Initialise 0;
fork=1: MAXITER do

for i=1:N do _

h'; « ODESolve(fg, 0’ ,_,[t;i_1,1;]);

N> Maximum

— —
B« 2)DE<S‘_olve(f9, [P | 99 Y )
W, <h, ©h;
h; « RNNCell(h, x,);

end for

Y<—h,~ foralli=1,...,N;
Evaluate loss £ using (6);
VL « Compute gradients of £;
0 < Optimiser.Step(VL);

end for

Return: 6,

To make predictions in both forward and backward directions using
CODE-RNN, the IVP and FVP are solved to construct the intermediate
hidden state h/, which is used to compute the output of the RNN update
cell. The process of making predictions forward and backward in time
follows a similar procedure, with the only difference being the order of
the time steps ¢;. When making predictions in the forward direction, the
time steps are given as [#;_;, ;] for the IVP (4) and [7;,7,_,] for the FVP
(5), fori =1,..., M. Algorithm 5 describes the process of making future
predictions with CODE-RNN. However, when making predictions in the

backward direction, the time steps are given as [t;_;, ;] for the IVP (4),
and [t;,t;_,] for the FVP (5), for i = N,...,m. Algorithm 6 describes
the process of making past predictions with CODE-RNN. Similar to
Neural CODE, predictions can be computed within (+ € [to,tf]) or
outside the training time interval for the past (¢ € [7,,,7,]) or the future
(t € [ty, ty .

Note that, once more we consider that the hidden state h; outputted
by the RNN cell is the prediction ;.

Algorithm 5 CODE-RNN for making future predictions.

Input: start time ¢, end time 7,,;
By < 0, by < 0;
forL= 1: M do -
ﬁ'_,. - ODESolve(fg,ﬁ’_,-_l, [ty 1;1;
h'; « ODESolve(fg,h';_1,[t;,1;,_1]);
K, < ;171- [« (h_'i;
h, « RNNCell(h'}, x,);
end for
Y < h;foralli=1,...,M;

Return: V;

Algorithm 6 CODE-RNN for making past predictions.

Input: start time ¢, end time 7,,;
;;N—] <0, (EN—I <0
fori=N :mdo _
(h_’,v « ODESOIU@(fQ,ﬂi_I, [ti_1, 8D
K, gDE%lve(fg,h’,._l, [titi21Ds
W, <h ®©n;
h; —« RNNCell(h';, x,);
end for
Y < h;foralli=N,...,m;

Return: ¥ ;

In the literature, several variants of update cells have emerged to
enhance the performance of the RNN cell. The recurrent architectures
based on Neural CODE can incorporate any of these variants. In this
study, we conducted experiments with two additional update cells: GRU
(CODE-GRU) and LSTM (CODE-LSTM).

In contrast to ODE-RNNS, the hidden state h; resulting from the RNN
cell update is not transmitted to the next cell through the feedback
loop. Our approach uses intermediate hidden states in the forward (h’;)
and backward (Z’—,-) directions. This is necessary because the initial
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and final conditions for solving the ODE cannot be the same, which
would occur if we used the hidden state h; in the feedback loop. This
limitation reveals a significant drawback of CODE-RNN/-GRU/-LSTM,
as the input information x; is not considered or passed to the next
time step iteration; it is only used to compute the output prediction.
To address this issue, we propose an upgraded architecture called
CODE-BiRNN.

2.3. CODE-BiRNN

We introduce CODE-BiRNN, an enhanced bidirectional recurrent
architecture based on Neural CODE, which is an improvement over
CODE-RNN. The aim of this enhancement is to incorporate the input
information x; into the hidden state of the feedback loop, thus updating
the ODE dynamics at each observation.

To accomplish this, we made modifications to the architecture.
Instead of having a single cell update that generates a single hidden
state, h;, we redesigned the structure to include two independent cell
updates. The first update computes the forward hidden states, k;, while
the second update computes the backward hidden states, ;.

The forward intermediate hidden state 717,- is given by solving the
IVP (7) within the time interval between the previous and current time
steps, [t;_1,t;]:
dr' (1)

—— = Fo(h(1). 1) with h(t;_,) = h;_,. )

The backward intermediate hidden state, W,-, is obtained by solving
the FVP (8) within the time interval between the current and previous
time steps, [t;,#;_;]:

dh’ = ith T h
dz(t‘) = fo(h(),1) with h(t;_) = h;_;. ®

Thus, unlike CODE-RNN, the forward, ?[, and backward, 717[, inter-
mediate hidden states are computed using the previous forward h;_,
(9) and backward ﬁ,_l (10) hidden states as initial and final value,
respectively.

W, = ODESolve(fg. By, [ti_1.1,]), ©)
W, = ODESolve(fg.h;_,.[t;.1,,]). 10)

The two intermediate hidden states ?,- and ?,-, are then passed onto
separate RNN cells which output the forward E (11) and backward 71,-
(12) hidden states:

B, = RNNCell(H . x,), an
h; = RNNCell(H,, x,), 12

To get the predicted output at a given time step, J;, the full hidden
state, h;, is computed by performing an aggregation/merging operation
of the forward &, and backward h, hidden states of the same time step
1

i

3 = oW, 4 plowtly with b, = b, @ h;.

By incorporating two separate hidden layers within the RNN, pro-
cessing the data in opposite temporal directions, our network inherits
the name BiRNN. Algorithm 7 outlines the implementation details.

Replacement of the RNN by a BiRNN makes it possible to have the
full independent recurrent process for each time direction, Fig. 3.

Similar to CODE-RNN, in CODE-BiRNN, the optimisation process
aims to find the optimal parameters 6 by minimising the MSE between
the predicted values and the true values.
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Algorithm 7 CODE-BiRNN training process.

Input: Data points and their timestamps {(x;,7;)};=;
number of iterations MAXITER;
By < 0, hy < 0;
Choose Optimiser;
fo < DynamicsN N();
Initialise 0;
fork=1: MAXITER do
fori=1: N do
— -
h'; « ODESolve(fg, h;_,[ti_1,1]) ;
R, « RNNCeli(l . x,);
end for
fori=1,...,N do
— -
h'; —« ODESolve(fg, h;_y,[t;,1;,_11);
i, « RNNCell(W,, x,);
end for
h; < Tii ® ﬁ,-;
f’«—hi foralli=1,...,N;
Evaluate loss £ using (6);
VL « Compute gradients of £;
0 < Optimiser.Step(VL);
end for
Return: 6;

~» Mmaximum

To make predictions in both forward and backward directions using
CODE-BiRNN, a similar approach is followed as in CODE-RNN. The
IVP (7) and FVP (8) need to be solved to construct the forward and
backward outputs of the RNN cells, respectively, which are then used
to generate the final hidden state by combining the contributions from
both directions. The process of making predictions in forward and
backward directions with CODE-BiRNN is analogous to that of CODE-
RNN, with the directional difference lying in the order of the time
steps. When making predictions in the forward direction, the time
steps are given in the pairs [t,_;,;] for the IVP and [7;,t,_,] for the
FVP, for i = 1,..., M. Algorithm 8 describes the process of making
future predictions with CODE-BiRNN. On the other hand, when making
predictions in the backward direction, the time steps are given in the
pairs [t;_;,t;] for the IVP, and [t;,#,_,] for the FVP, for i = N,...,m.
Algorithm 9 describes the process of making past predictions with
CODE-BiRNN. Predictions can be computed within (t € [¢,,7,]) or
outside the training time interval for the past (t € [¢,,, ¢ sDor the future
(telty, tyD.

Note that, once more we consider that the hidden state h; that
results of aggregating/merging the forward and backward outputs of
the RNN cells is the prediction ;.

Algorithm 8 CODE-BiRNN for making future predictions.

Input: start time ¢, end time 7,,;
hy < 0, hy < 0;
for i=1: M do
-
i < ODESolve(fo.hy_y,1ti_1.1,)) ;

=l

B, « RNNCell(h',,x,);
— -
! < ODESolve(fg, h;_y,[t;,1;_1]);
—
h, « RNNCeli(h',,x,);
h; < h; ® h;;
end for
17<—h,. foralli=1,...,M;
Return: I?;




C. Coelho et al.

1

I

concat(.)

]
ho

. |
) ® ()

| i |
e B cel : e *
v { &

ODE SOLVER

Expert Systems With Applications 273 (2025) 126784

12 n

| X

concat() ) concat()

(t )

r e V’” e
RNNCell
1

SRR opesover Lo RNNCell

| |

(t,, to) — & (t2 )

Fig. 3. Scheme of CODE-BiRNN and CODE-BiRNN unfolded through time.

Algorithm 9 CODE-BiRNN for making past predictions.

Input: start time ¢, end time 7,,;
Z'N_l <0, );N—l «0;
fori=N : mdo
— -
h,i «— ODESolve(fg, h;_y,[t;_1,1;]);
R, « RNNCell(i . x,);
W', — ODESolve(fg, h:_y, [t;t,]);
i, « RNNCell(l,, x,);
h; < 7;,. ® (I;,-;
end for
Y « h; foralli=N,...,m;

1

Return: Y;

The bidirectional recurrent architecture based on Neural CODE
can use any update cell. In this work we present results with RNN
(CODE-BiRNN), GRU (CODE-BiGRU) and LSTM (CODE-BiLSTM) cells.

3. Numerical experiments

In order to evaluate the performance of the architectures presented
in this work, a set of experiments were conducted using various datasets
and tasks. Specifically, we compared Neural CODE to Neural ODE by
reconstructing spiral ODE dynamics, both forward and backward in
time, using two synthetic datasets that differ in the number of training
and testing points. By varying the number of data points, we aimed
to investigate how Neural CODE performs in scenarios where data
availability is limited, which is often the case in real-world applications.

Then, CODE-RNN/-GRU/-LSTM, CODE-BiRNN/-BiGRU/-BiLSTM
were tested and ODE-RNN/-GRU/-LSTM were used as baselines. These
comparison were carried out using three real-world time-series
datasets: regularly-sampled data from the climate domain, sparsely
regularly-sampled data from the hydrological domain, and irregularly-
sampled data from the stock market domain.

The evaluation covered three distinct tasks: missing data imputa-
tion, future extrapolation, and backward extrapolation (past discovery).

« The first task, missing data imputation, aimed to assess the mod-
els’ ability to fill in missing values in the time-series data, being
crucial when dealing with incomplete datasets where the missing
information needs to be estimated;

» The second task, future extrapolation, focused on predicting fu-
ture values beyond the observed time range, being essential for
forecasting and decision-making in many domains;

+ The third task, past discovery, aimed to evaluate the models’ ca-
pacity to uncover and reconstruct past patterns in the time-series

data. This task is particularly relevant for analysing historical
trends and understanding the dynamics of the data over time.

Furthermore, in the context of the missing data imputation task,
we conducted testing using two different settings: one involving a
single input/output feature, and the other involving higher-dimensional
input/output vectors. This allowed us to leverage the tests conducted
on Neural CODE and examine its behaviour when learning from higher-
dimensional data. By evaluating the model’s performance in capturing
the dynamics of the time-series in higher-dimensional settings, we
gained insights into its ability to handle and learn from datasets with
increased complexity. In the context of future and backward extrapola-
tion, the testing was conducted using sequences of 7 or 15 observations
to predict 7 or 15 observations. This allowed us to study the per-
formance of the proposed architectures when predicting for longer
time-horizons.

Code implementations of the proposed architectures can be found
at https://github.com/CeciliaCoelho/NeuralChronosODE.

3.1. Case study 1: Synthetic spiral ODE dynamics

We compared the performance of Neural CODE and Neural ODE in
restoring the dynamics of a spiral ODE both forward and backward
in time. By comparing the performance of Neural CODE and Neural
ODE on this specific task, we aimed to gain insights into the strengths
and limitations of each model in terms of their ability to capture and
reproduce complex dynamics. To create the training and testing sets, we
defined a simple linear ODE (13) and solved it numerically to retrieve
data points in the time interval [0, 25]. For each time step, values for
the two coordinates of the spiral are available (x, y).

We adapted the code from the Python Torchdiffeq (Chen, 2018) for
our implementation:

dx

= = —0.1x% 4+ 2.0y°

& as)
— =-20x3-0.1°

dt

Two datasets were created: one with 2000 training points and
1000 testing points, denoted by 2000/1000 dataset, and another with
1000 training points and 2000 testing points, denoted by 1000/2000
dataset. We aimed to study the impact of dataset size on the models’
performance.

For training, we used a batch size of 1, a sequence length of 10 time
steps, 2000 iterations for MAXITER, and the Adam optimiser with a
learning rate of 0.001. For the ODE.Solve, we employed the Runge—
Kutta method of order 5 (Dormand-Prince-Shampine) with default
configurations. The loss function of Neural CODE is based on the MSE
(see (3)).

The NN architecture used in this study consists of three layers. The
input layer contains 2 neurons, representing the input features, (x;, y;).


https://github.com/CeciliaCoelho/NeuralChronosODE
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Fig. 4. Training MSE values for forward predictions, with 20 iterations frequency, with the respective forward learnt spiral dynamics, (a) 2000/1000 dataset and (b) 1000/2000

dataset, for Neural ODE (in blue) and Neural CODE (in orange).

The hidden layer is composed of 50 neurons, each using the hyperbolic
tangent activation function. Finally, the output layer consists of 2
neurons, representing the output or prediction of the model, (%;, ;).

To account for random weight initialisation, we trained and tested
each model three times (R = 3). To evaluate the performance of the
models, we compute the average of the MSE (M SE,,,) and standard
deviation (stdaug) values for the test sets, from the three runs. Addition-
ally, to analyse the evolution of the adjusted ODE during training, we
plotted the MSE for forward and backward prediction on the training
set at every 20 iterations (Figs. 4 and 5, respectively).

Forward reconstruction. Table 2 presents the numerical results of the
Neural ODE and Neural CODE for the forward reconstruction of the
spiral. The first column displays the number of points in the training
and testing sets, the second displays the time interval considered for
the reconstruction task. The next two columns display, for each model,
the MSE,,, and std,,, values.

The results presented in Table 2 demonstrate that Neural CODE out-
performs Neural ODE in reconstructing the spiral through the solution
of an IVP. It is worth noting that as the number of training points
decreases, there is an expected increase in the prediction error.

In Fig. 4, the plots illustrating the MSE evolution during training
demonstrate that Neural CODE achieved lower MSE values in the 2000

iterations, offering faster convergence. Additionally, Neural CODE
exhibited faster adaptation to spiral dynamics compared to Neural ODE,
providing a good model at iteration 30. By examining the MSE curves
for both datasets, depicted in Figs. 4(a) and 4(b), we can conclude that
using a smaller training dataset leads to more unstable learning for
Neural ODE, while Neural CODE has similar performance regardless
of the amount of data.

Backward reconstruction. Table 3 presents the numerical results of the
Neural ODE and Neural CODE for the backward reconstruction of the
spiral. The first column displays the number of points in the training
and testing sets, the second displays the time interval considered for
the reconstruction task. The next two columns display, for each model,
the MSE,,, and std,,, values.

The results presented in Table 3 demonstrate that when using the
fitted ODEs to predict backward in time by solving a FVP (2), Neural
CODE demonstrates superior performance compared to Neural ODE for
both datasets: 2000/1000 and 1000/2000. In contrast to the forward
reconstruction results presented in Table 2, Neural CODE performs
better or at least similarly when trained on a smaller number of data
points (1000/2000 dataset).

In Fig. 5, the evolution of MSE during training provides evidence
of the increased difficulty faced by Neural ODE when solving the
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Numerical results on the test spiral sets for predictions forward in time by Neural ODE and Neural CODE, by solving IVP (1).

Training/testing points [to.tar] Neural ODE Neural CODE
MSE,, + std,, MSE,, + std,,
2000/1000 [0,25] 4.75e-1 + 1.21e-1 1.56e-1 + 8.37e-2
100072000 [0,25] 5.8%9e-1 + 4.48e-2 3.57e-1 + 2.29e-1
Table 3

Numerical results on the test spiral sets for predictions backward in time by Neural ODE and Neural CODE by solving FVP (2).”

Training/testing points [ty.1,1

Neural ODE Neural CODE
MSE,,, +std MSE,, +std,

avg = avg avg * avg

2000/1000 [25,0]
100072000 [25,0]

8.95e0 + 6.50e0
7.87e0 + 6.82e0

2.31 + 7.88e-1
1.37 + 7.99e-1

FVP. This discrepancy can be attributed to the fact that Neural CODE
minimises a function that accounts for backward prediction, while
Neural ODE does not.

For the 2000/1000 dataset, both architectures exhibit similar loss
evolution up to iteration 20. Beyond this point, Neural ODE becomes
unstable, displaying large spikes that indicate erratic training be-
haviour. In contrast, for the 1000/2000 dataset, Neural ODE demon-
strates less unstable training. However, Neural CODE consistently
shows more stable training and faster convergence across both scenar-
ios.

The improved predictive performance of Neural CODE with the
1000/2000 dataset can be attributed to its ability to achieve a better-
generalised representation. This is likely due to the limited number of
training points, which reduces the risk of overfitting.

In Figs. 6 and 7, the visualisation of spiral dynamics and the
predicted values (%;, §;,) with the testing set, of the 2000/1000 dataset,
clearly demonstrates that Neural CODE outperforms Neural ODE in
terms of prediction accuracy in both forward and backward recon-
struction tasks. Furthermore, for the 1000/2000 dataset, the visual
representations, in Figs. 8 and 9, confirm our earlier conclusions. In
forward time predictions, Neural CODE exhibits superior modelling
capabilities compared to Neural ODE. Additionally, the backward dy-
namics of Neural CODE better aligns with the true dynamics, albeit
deviating from the periodic function that models the x and y values.
It is important to note that these visualisations were generated using
the models at the final training iteration. Upon examining the evolution
plots of MSE, it becomes evident that implementing an early stopping
criterion would be beneficial.

3.2. Case study 2: Real-world time-series

3.2.1. Neural CODE vs. neural ODE

We evaluated and compared Neural CODE against a Neural ODE
baseline, when modelling two real-world time-series datasets (available
in Kaggle):

» Population Time Series Data (regularly sampled), denoted by
PD (Bureau, 2020);

+ Air Passenger Data (regularly sampled), denoted by AP (Yeafi,
2022)

For each dataset, the performance was evaluated at two different
tasks:

(i) Forward (future) extrapolation: given the initial condition, pre-
dict the states at the time steps of the testing set;

(ii) Backward extrapolation: given the final condition, predict the
states at the time steps of the testing set reversed in time.

2 For doing predictions backward in time using a Neural ODE model, the
time interval is given in the reverse order to the ODE Solve.

Remark: For doing predictions backward in time with Neural
ODE and Neural CODE, the ODE Solve receives the time interval
in the reverse order and the final condition, at the last time-step.

The same training conditions were applied to all models for all
datasets. The datasets were randomly split into 80% training and 20%
testing while maintaining the sequence order. The training was carried
out with a batch size of 1, 50 epochs, and the Adam optimiser with
a learning rate of 0.0005. For the ODESolve we use the Runge—
Kutta method of order 5 (Dormand-Prince-Shampine) with the default
configurations. The NN architecture that builds the ODE dynamics
used in this study consists of three layers. The input layer contains
1 neuron, representing the input features of the model. The hidden
layer is composed of 256 neurons, each using the exponential linear
unit activation function. Finally, the output layer consists of 1 neuron,
representing the output of the model. To account for random weight
initialisation, we trained and tested each model three times (R = 3).
To evaluate the performance of the models, we computed the average
of the MSE (M SEavg) and standard deviation (stdaug) values for the
test sets, from the three runs. Furthermore, to analyse and compare
the convergence of Neural CODE with the Neural ODE baseline, the
training losses were plotted.

Population Time Series Data:

The dataset consists of 816 data points with 1 daily feature rep-
resenting the number of individuals of a population over time. This
data was made available by the U.S Census Bureau and is regularly-
sampled (Bureau, 2020).

The experimental results are summarised in Table 4, which presents
information on the final training loss, as well as the M SE,,, and std,,,
for both testing tasks. Fig. 10 shows the evolution of the loss through
training for Neural ODE and Neural CODE.

Table 4 shows that while Neural ODE achieves a slightly lower train-
ing loss compared to Neural CODE, this advantage does not translate
to better testing performance. Neural CODE achieves lower M SE,,, in
both future and backward extrapolation tasks.

Fig. 10 illustrates that Neural CODE reaches lower loss values
quicker than Neural ODE; however, the subsequent training process ex-
hibits some instability. This behaviour is likely due to the minimisation
of (3), which comprises two terms, whereas Neural ODE only minimises
the error of the fit to the data in the positive direction of time.

Air Passenger Data:

The dataset consists of 144 data points with 1 monthly feature rep-
resenting the number of air passengers and is regularly-sampled (Yeafi,
2022).

Table 5 shows that Neural ODE achieves a training loss that is an
order of magnitude lower than that of Neural CODE. However, this
advantage does not carry over to testing performance, where both
Neural ODE and Neural CODE exhibit M SE,,,, values of the same order
of magnitude, with Neural CODE performing slightly better at both
tasks.



C. Coelho et al.

Expert Systems With Applications 273 (2025) 126784

Neural ODE |
— 'Neural CODE

MSE

=304

—20

—— Neural ODE
—— Neural CODE | -

(b) 1000/2000 dataset.

Fig. 5. Training MSE values for backward predictions, with 20 iterations frequency, with the respective backward learnt spiral dynamics, (a) 2000/1000 dataset and (b) 1000/2000

dataset, for Neural ODE (in blue) and Neural CODE (in orange).
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Fig. 6. Neural ODE at reconstructing the dynamics of a spiral ODE using the 2000/1000 dataset. In dashed black the true dynamics, in red the predictions forward and in green

the predictions backward in time.

Table 4

Numerical results on the PD when predicting forwards and backwards in time by Neural ODE and Neural CODE.

Task [to: 0] Neural ODE Neural CODE
MSE,,, +std,, MSE,,, +std,,,
Training loss - 1.41e—4 + 8.03e-5 5.86e—4 + 1.84e—4
Future extrapolation [0, 816] 4.24e-3 + 1.64e-3 2.16e-3 + 1.19e-3
Backwards extrapolation [816,0] 3.51e-3 + 4.39e-6 3.49e-3 + 9.28e—6

10
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Fig. 7. Neural CODE at reconstructing the dynamics of a spiral ODE using the 2000/1000 dataset. In dashed black the true dynamics, in red the predictions forward and in green

the predictions backward in time.
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Fig. 8. Neural ODE at reconstructing the dynamics of a spiral ODE using the 1000/2000 dataset. In dashed black the true dynamics, in red the predictions forward and in green

the predictions backward in time.
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Fig. 9. Neural CODE at reconstructing the dynamics of a spiral ODE using the 1000/2000 dataset. In dashed black the true dynamics, in red the predictions forward and in green

the predictions backward in time.

0.14 1 — Neural ODE improvement in loss values over the course of training. These findings
— Neural CODE continue to suggest that Neural CODE may be effective in mitigating
0.12 - overfitting.
Computational Cost:
0107 Neural CODE is similar to Neural ODE; however, instead of solving
an IVP with a numerical method just once, it performs an additional
" 0.081 pass to solve an FVP. As a result, the computational cost of Neural
8 CODE is effectively doubled compared to Neural ODE due to the second
0-061 pass on the solver.
0.04 4 To verify this experimentally, we measured the training time (in
’ seconds) for both Neural CODE and Neural ODE across three runs, cal-
0.02 culating the average and the corresponding standard deviation (std,,),
for the PD and AP datasets (see Table 6).
0.004 These results confirm our theoretical expectation, showing that
. . . . . . Neural CODE’s training time is approximately 2.24 times that of Neural
0 10 20 30 40 50 ODE for the PD dataset and 2.13 times for the AP dataset. The slight
epoch variation from an exact 2:1 ratio can be attributed to factors such

as system overhead, differences in dataset complexity, minor fluctua-
tions in computational performance, NNs’ parameters initialisation and
discretisation scheme of the adaptive-solver.

Despite the increased computational cost, Neural CODE demon-
strates superior performance in both forward and backward predic-
tions, especially in scenarios with sparse data, as well as showing to

Fig. 10. Training loss through the epochs for the PD dataset.

Fig. 11 further illustrates that Neural CODE reaches lower loss
values more quickly, while Neural ODE demonstrates greater overall

11
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Numerical results on the AP dataset when predicting forwards and backwards in time by Neural ODE and Neural CODE.

Task [t p]

Neural CODE
MSE,,, +std

avg =

Neural ODE
MSE,,, +std

avg = avg avg

Training loss -
Future extrapolation [0, 144]
Backwards extrapolation [144,0]

3.49e-3 + 1.90e-4
2.33e-2 + 2.83e-3
2.17e-2 + 1.13e-4

2.46e-2 + 2.05e-3
1.62e-2 + 6.07e-6
2.16e-2 + 3.43e-5

Table 6

Training time of Neural ODE and Neural CODE when using the PD and AP datasets.

Dataset Neural ODE Neural CODE

o £ 51 g £ 51
PD 1.14e+2 + 3.60e-1 2.55e+2 + 6.80e—1
AP 2.13e+1 + 7.00e—1 4.51e+1 + 5.30e-1

—— Neural ODE
0.4 1 —— Neural CODE
0.3 A
("]
%]
2 0.2
0.1 A
0.0 A
0 10 20 30 40 50
epoch

Fig. 11. Training loss through the epochs for the AP dataset.

mitigate overfitting.

3.2.2. Recurrent models

We evaluated and compared the recurrent models CODE-RNN/-
GRU/-LSTM and CODE-BiRNN/-BiGRU/-BiLSTM, using ODE-RNN/-
GRU/-LSTM baselines, when modelling three real-world time-series
datasets with different characteristics (available in Kaggle):

+ Daily Climate time-series Data (regularly sampled), denoted by
DC, V. Rao (2020);

» Hydropower modelling with hydrological data (regularly sampled
with sparse data), denoted by HM, De Felice (2021);

+ DJIA 30 Stock time-series (irregularly sampled), denoted by DJIA,
szrlee (2018).

For each dataset, the performance of the models was analysed at
three distinct tasks:

(i) Missing data imputation: predicting an observation y,,; at 7,;
between observations at ; and t,,,, for i = 1,3,6....

Remark: Recurrent architectures based-on Neural ODE (ODE-
RNN/-GRU/-LSTM) only receive the observation at ¢; and pre-
dict the observation at 7,,; while architectures based-on Neural
CODE (CODE-RNN/-GRU/-LSTM and CODE-BiRNN/-BiGRU/-
BiLSTM) receive both observations at #; (for the IVP) and at ¢,
(for the FVP) to predict the observation at ¢, ;, being able to
capture more information.

Forward (future) extrapolation: given a sequence of length 7 or
15 predict the observations for the next 7 or 15 time-steps.
Backward extrapolation: given a sequence of length 7 or 15
predict the observations for the past 7 or 15 time-steps.

(ii)

(iii)

12

Remark: For doing predictions backward in time with ODE/-
RNN/-GRU/-LSTM, the ODE Solve receives the time interval in
the reverse order.

The same training conditions were applied to all models for all
datasets and tasks. The datasets were divided into 75% training and
25% testing points. The training was conducted with a batch size
of 1, 50 epochs, and the Adam optimiser with a learning rate of
0.0005. For the ODESolve we use the Runge-Kutta method of order
5 (Dormand-Prince-Shampine) with the default configurations.

The NN architecture that builds the ODE dynamics used in this
study consists of three layers. The input layer contains 1 neuron (or
4 neurons when predicting 4 features or 39 neurons when predicting
39 features), representing the input features of the model. The hidden
layer is composed of 256 neurons, each using the exponential linear
unit activation function. Finally, the output layer consists of 1 neuron
(or 4 neurons when predicting 4 features or 39 neurons when predicting
39 features), representing the output of the model.

All architectures use a single RNN, GRU or LSTM cell with an input
layer containing 1 neuron (or 4 neurons when predicting 4 features
or 39 neurons when predicting 39 features), representing the size of
output given by the ODE solver. The hidden layer is composed of 256
neurons and the output layer contains 1 neuron (or 4 neurons when
predicting 4 features or 39 neurons when predicting 39 features).

To account for random weight initialisation, we trained and tested
each model three times (R = 3). To evaluate the performance of
the models, we computed the average of the MSE (MSE,,) and
standard deviation (stdm,g) values for the test sets, from the three runs.
Furthermore, to analyse and compare the convergence of the proposed
networks with the baselines, the training losses of CODE-RNN/-GRU/-
LSTM and CODE-BiRNN/-BiGRU/-BiLSTM were plotted, along with
ODE-RNN/-GRU/-LSTM baselines, for the missing data imputation and
future extrapolation tasks.

Remark. For the backward extrapolation task, the training losses
were not plotted since the Neural ODE-based architectures (ODE-RNN/-
GRU/-LSTM) solely compute the losses in the forward direction of
time.

Daily Climate time-series Data:

This dataset consists of 1462 data points with 4 daily features:
mean temperature, humidity, wind speed, and mean pressure. These
features were experimentally measured in Delhi, India for weather
forecasting (V. Rao, 2020).

Missing data imputation We performed the missing data imputa-
tion task to predict data points with 1 feature (mean temperature) as
well as all 4 available features, denoted by 1/1 and 4/4 respectively.
The numerical results are shown in Table 7 for architectures ODE-RNN,
CODE-RNN and CODE-BiRNN, Table 8 for architectures ODE-GRU,
CODE-GRU and CODE-BiGRU, and Table 9 for architectures ODE-
LSTM, CODE-LSTM and CODE-BiLSTM. The evolution of the loss during
training for the predictions with 1/1 and 4/4 features are depicted in
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Numerical results on the DC dataset at the missing data imputation task, for ODE-RNN, CODE-RNN and CODE-BiRNN.

Seen/predict features [to, 141 ODE-RNN CODE-RNN CODE-BiRNN
MSE, # std,, MSE,,, + std,, MSE,, + 5td,,
1/1 [0, 1462] 1.15e-2 + 4.15e—6 1.14e-2 + 4.86e—6 7.20e-3 + 6.03e—6
4/4 [0, 1462] 1.80e-2 + 2.50e-5 1.80e-2 + 2.10e-5 1.23e-2 + 4.54e-5
Table 8
Numerical results on the DC dataset at the missing data imputation task, for ODE-GRU, CODE-GRU and CODE-BiGRU.
Seen/predict features [to, 141 ODE-GRU CODE-GRU CODE-BiGRU
MSE,,, + std,,, MSE,, +std,, MSE,,, +std,,
1/1 [0, 1462] 1.15e-2 + 4.54e-6 1.14e-2 + 6.74e-6 7.10e-3 + 4.85e-6
4/4 [0, 1462] 1.77e-2 + 2.47e-5 1.80e-2 + 7.15e—6 1.21e-2 + 2.24e-5
Table 9

Numerical results on the DC dataset at the missing data imputation task, for ODE-LSTM, CODE-LSTM and CODE-BiLSTM.

Seen/predict features [tg.t /] ODE-LSTM CODE-LSTM CODE-BILSTM
MSE,,, +std,, MSE,,, +std,,, MSE,,, +std,,

1/1 [0, 1462] 1.11e-2 + 1.30e-5 0.0110 + 2.42e-5 7.90e-3 + 8.29e-6

4/4 [0, 1462] 1.73e-2 + 1.31e-5 0.0173 + 6.20e-6 1.29e-2 + 7.84e-5
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Fig. 12. Training loss through the epochs for the missing data imputation task for the DC dataset, for 1/1. (a) ODE-RNN, CODE-RNN, CODE-BiRNN; (b) ODE-GRU, CODE-GRU,

CODE-BiGRU; (c) ODE-LSTM, CODE-LSTM, CODE-BiLSTM.
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Fig. 13. Training loss through the epochs for the missing data imputation task for the DC dataset, for 4/4. (a) ODE-RNN, CODE-RNN, CODE-BiRNN; (b) ODE-GRU, CODE-GRU,

CODE-BiGRU; (c) ODE-LSTM, CODE-LSTM, CODE-BiLSTM.

Figs. 12 and 13, respectively.

Based on Tables 7-9, the CODE-BiRNN, CODE-BiGRU, and CODE-
BiLSTM models demonstrate superior performance, outperforming the
other approaches. Among these three variants, they present similar
performance. They achieve MSE,,, values smaller by an order of
magnitude for 1/1 and 4/4. When comparing ODE-RNN/-GRU/-LSTM
with CODE-RNN/-GRU/-LSTM the performances are similar. In general,
all architectures exhibit a higher M SE,,, values when the number of
features increased.

Figs. 12 and 13 highlight the superior performance of CODE-BiRNN,
CODE-BiGRU, and CODE-BiLSTM models, which exhibit faster conver-
gence and achieve lower loss values. When comparing the loss values of
ODE-RNN, ODE-GRU, ODE-LSTM, and CODE-RNN, CODE-GRU, CODE-
LSTM, their behaviour appears similar. Furthermore, the analysis of
loss values throughout the training process aligns with the test results
presented in Tables 7-9.

13

Future extrapolation We performed the future extrapolation task
to predict the mean temperature for the next 7 or 15 days after receiv-
ing the mean temperature for past 7 or 15 days, denoted by 7/7 and
15/15. The numerical results are shown in Table 10 for architectures
ODE-RNN, CODE-RNN and CODE-BiRNN, Table 11 for architectures
ODE-GRU, CODE-GRU, CODE-BiGRU and Table 12 for architectures
ODE-LSTM, CODE-LSTM and CODE-BIiLSTM. The evolution of the losses
during training for predictions with 7/7 and 15/15 are depicted in
Figs. 14 and 15, respectively.

The results in Tables 10-12 indicate that CODE-BiRNN, CODE-
BiGRU, and CODE-BIiLSTM consistently deliver superior predictive
performance for both 7/7 and 15/15 scenarios. Among these vari-
ants, CODE-BiGRU achieves the best overall performance. Addition-
ally, CODE-RNN and ODE-RNN demonstrate comparable results, with
CODE-RNN slightly outperforming CODE-GRU and CODE-LSTM for
the 7/7 case. Moreover, CODE-RNN, CODE-GRU, and CODE-LSTM
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Numerical results on the DC dataset at the future extrapolation task, for ODE-RNN, CODE-RNN and CODE-BiRNN.

Days seen/predict

[t9,1/1

ODE-RNN
MSE,, + std,,,

avg =

CODE-RNN
MSE,, +std,,

CODE-BiRNN
MSE,,, + std,,,

7/7 [0, 1462] 1.56e—2 + 7.00e—4 1.51e-2 + 3.00e—4 5.90e-3 + 2.40e-3
15/15 [0, 1462] 6.30e—2 + 3.82e-3 3.81e-2 + 5.60e—4 5.60e—4 + 4.00e-5
Table 11

Numerical results on the DC dataset at the future extrapolation task, for ODE-GRU, CODE-GRU and CODE-BiGRU.

Days seen/predict [to.1/1 ODE-GRU CODE-GRU CODE-BiGRU

MSE,, +std,,, MSE,,, +std,, MSE,,, +std,,

7/7 [0, 1462] 1.41e-2 + 4.00e-5 1.53e-2 + 3.00e—4 2.00e-3 + 1.00e—4
15/15 [0, 1462] 9.52e-2 + 1.57e-2 3.81e-2 + 2.00e—4 1.34e-3 + 2.10e-4
Table 12

Numerical results on the DC dataset at the future extrapolation task, for ODE-LSTM, CODE-LSTM and CODE-BiLSTM.

Days seen/predict [to.1/1 ODE-LSTM CODE-LSTM CODE-BiLSTM
MSE,,, +std,, MSE,,, +stdy, MSE,,, +std,,
7/7 [0, 1462] 1.88e—2 + 2.00e—4 3.87e—2 + 3.00e—4 4.70e-3 + 2.00e—4
15/15 [0, 1462] 7.24e-2 + 4.40e-4 8.51le-2 + 3.80e-3 1.08e-2 + 3.30e-4
Table 13
Numerical results on the DC dataset at the backward extrapolation task, for ODE-RNN, CODE-RNN and CODE-BiRNN.
Days seen/predict [ty 1] ODE-RNN CODE-RNN CODE-BiRNN
MSE,, + std,,, MSE,, + std,,, MSE,, + std,,,
7/7 [1462, 0] 6.70e—2 + 2.40e—2 1.50e-2 + 2.00e—4 2.23e-2 + 9.30e-3
15/15 [1462, 0] 5.89e-2 + 3.98e-3 3.38e-2 + 5.60e—4 6.93e-3 + 4.00e-5
Table 14

Numerical results on the DC dataset at the backward extrapolation task, for ODE-GRU, CODE-GRU and CODE-BiGRU.

Days seen/predict [ty 1] ODE-GRU CODE-GRU CODE-BiGRU
MSE,,, + std,, MSE,,, + std,, MSE,, + std,,

7/7 [1462, 0] 1.48e-2 + 1.00e—4 1.51e-2 + 2.00e—4 8.20e-3 + 1.00e-4

15/15 [1462, 0] 9.28e—-2 + 1.99e-2 3.37e-2 + 1.70e-4 7.44e-3 + 1.2e-4
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Fig. 14. Training loss through the epochs for the future extrapolation task for the DC dataset, for 7/7. (a) ODE-RNN, CODE-RNN, CODE-BiRNN; (b) ODE-GRU, CODE-GRU,

CODE-BiGRU; (c) ODE-LSTM, CODE-LSTM, CODE-BiLSTM.

outperform their ODE-based counterparts (ODE-RNN, ODE-GRU, and
ODE-LSTM) for the 15/15 scenario.

Figs. 14 and 15 show that CODE-BiRNN, CODE-BiGRU, and CODE-
BiLSTM generally exhibit the fastest convergence rates and achieve the
lowest loss values. As the number of epochs increases, CODE-RNN,
CODE-GRU, and CODE-LSTM display a slight upward trend in loss
values. This observation suggests that incorporating an early stopping
criterion could improve the performance of CODE-RNN, CODE-GRU,
and CODE-LSTM.

Backward extrapolation We performed the backward extrapola-
tion task to predict the mean temperature for the past 7 or 15 days
after receiving the mean temperature for the next 7 or 15 days, denoted
by 7/7 and 15/15. The numerical results are shown in Table 13 for
architectures ODE-RNN, CODE-RNN and CODE-BiRNN, Table 14 for
architectures ODE-GRU, CODE-GRU, CODE-BiGRU and Table 15 for
architectures ODE-LSTM, CODE-LSTM and CODE-BiLSTM.

From Tables 13-15, the performance of the models on the back-
ward extrapolation task are similar to that observed for the forward
extrapolation task. Once again, it is worth emphasising that CODE-
BiRNN/-BiGRU/-BiLSTM demonstrates the highest performance for 7/7
and 15/15. Among these variants, CODE-BiGRU performs best at 7/7,
while CODE-BiRNN excels at 15/15.

Although predicting longer time horizons is more challenging,
CODE-BiRNN,/-BiGRU/-BIiLSTM achieve lower MSE _, values com-
pared to smaller time horizons.

avg

Hydropower Modelling with Hydrological Data:

This dataset consists of weekly hydrological data from 27 European
countries spanning the period 2015 to 2019, totalling 208 data points.
The dataset includes hydropower inflows and average river discharges
measured at national hydropower plants (De Felice, 2021). This dataset
was specifically chosen for its limited amount of data, enabling the
evaluation of how sparse training data affects the performance of the

14
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Fig. 15. Training loss through the epochs for future extrapolation task for the DC dataset, for 15/15. (a) ODE-RNN, CODE-RNN, CODE-BiRNN; (b) ODE-GRU, CODE-GRU, CODE-

BiGRU; (c) ODE-LSTM, CODE-LSTM, CODE-BiLSTM.

Table 15
Numerical results on the DC dataset at the backward extrapolation task, for ODE-LSTM, CODE-LSTM and CODE-BiLSTM.
Days seen/predict [17.10] ODE-LSTM CODE-LSTM CODE-BIiLSTM
MSE,, # std,, MSE,, # std,, MSE,, # std,,
7/7 [1462, 0] 8.18e—2 + 1.64e-2 4.81e—1 + 5.08e-2 2.55e-2 + 7.6e-3
15/15 [1462, 0] 5.97e-2 + 6.26e-3 13.96e-1 + 1.02e-2 9.45e-3 + 1.00e—-4
Table 16
Numerical results on the HM dataset at the missing data imputation task, for ODE-RNN, CODE-RNN and CODE-BiRNN.
Seen/predict features [ty 5] ODE-RNN CODE-RNN CODE-BiRNN
MSE,, + 5td,,, MSE & 51d,,, MSE & 51d,,,
1/1 [0, 208] 9.00e-3 + 9.83e-5 8.90e-3 + 7.79e-5 2.20e-3 + 3.83e-6
39/39 [0, 208] 2.56e—2 + 3.00e—4 2.52e-2 + 2.00e—4 1.09e-2 + 9.80e-5
Table 17

Numerical results on the HM dataset at the missing data imputation task, for ODE-GRU, CODE-GRU and CODE-BiGRU.

Seen/predict features

[to,ff]

ODE-GRU
MSE & std,,

avg £

CODE-GRU
MSE & std,,,

avg £

CODE-BiGRU
MSE & 51d,,,

avg *

1/1 [0, 208] 8.20e-3 + 9.55e—6 8.70e—3 + 5.95e-5 2.3e-3 + 9.68e-6
39/39 [0, 208] 2.46e-2 + 4.00e—4 2.49e-2 + 1.00e—4 1.03e-2 + 2.00e—4
Table 18

Numerical results on the HM dataset at the missing data imputation task, for ODE-LSTM, CODE-LSTM and CODE-BiLSTM.

Seen/predict features [tg, /] ODE-LSTM CODE-LSTM CODE-BiLSTM
MSE,,, +std,,, MSE,, + stdy, MSE,, + stdy,

1/1 [0, 208] 1.13e-2 + 3.47e-5 1.12e-2 + 6.35e-5 3.20e-3 + 6.48e-5

39/39 [0, 208] 2.38e—2 + 2.00e—4 2.37e-2 + 1.00e—4 1.04e-2 + 2.00e—4

architectures.

Missing data imputation We performed the missing data imputa-
tion task to predict data points with 1 feature (hydropower inflow) and
39 features (39 average river discharges), denoted by 1/1 and 39/39
respectively. The numerical results are shown in Table 16 for architec-
tures ODE-RNN, CODE-RNN and CODE-BiRNN, Table 17 for architec-
tures ODE-GRU, CODE-GRU and CODE-BiGRU, and Table 18 for archi-
tectures ODE-LSTM, CODE-LSTM and CODE-BiLSTM. The
evolution of the loss during training for the predictions with 1/1 and
39/39 features are depicted in Figs. 16 and 17, respectively.

As shown in Tables 16-18, the CODE-BiRNN, CODE-BiGRU, and
CODE-BiLSTM models stand out by delivering the best performance
compared to the other approaches. Among these three variants, their
performances are similar. When comparing ODE-RNN, ODE-GRU, and
ODE-LSTM with CODE-RNN, CODE-GRU, and CODE-LSTM, the perfor-
mance differences are minimal. However, as the number of features
increases, all architectures show an increase in M SE,,, values.

Figs. 16 and 17 show that CODE-RNN, CODE-GRU, and CODE-LSTM
achieve the lowest MSE,, values among all architectures. CODE-
BiRNN, CODE-BiGRU, and CODE-BiLSTM show faster convergence,
although ODE-RNN, ODE-GRU, and ODE-LSTM, along with CODE-RNN,
CODE-GRU, and CODE-LSTM, reach lower M SE,,, values. When com-
paring the training loss values for ODE-RNN, ODE-GRU, ODE-LSTM,

15

and CODE-RNN, CODE-GRU, and CODE-LSTM, we observe similar
behaviour, which is consistent with the test results presented in (
Tables 7-9). Although CODE-BiRNN, CODE-BiGRU, and CODE-BiLSTM
exhibit higher training loss values, their test results outperform the
other architectures. This suggests that, despite higher training losses,
these models generalise better. In contrast, the ODE-RNN and CODE-
RNN models, along with their variants, show poorer generalisation,
indicating a tendency toward overfitting.

Future extrapolation We performed the future extrapolation task
to predict the hydropower inflow for the next 7 or 15 weeks after
receiving the hydropower inflow for past 7 or 15 weeks, denoted
by 7/7 and 15/15. The numerical results are shown in Table 19 for
architectures ODE-RNN, CODE-RNN and CODE-BiRNN, Table 20 for
architectures ODE-GRU, CODE-GRU, CODE-BiGRU and Table 21 for ar-
chitectures ODE-LSTM, CODE-LSTM and CODE-BiLSTM. The evolution
of the losses during training for predictions with 7/7 and 15/15 are
depicted in Figs. 18 and 19, respectively.

The results in Tables 19-21 indicate that CODE-BiRNN, CODE-
BiGRU, and CODE-BiLSTM consistently outperform the other models,
achieving the best predictive performance for both 7/7 and 15/15.
Among these variants, CODE-BiRNN yields the best performance. When
comparing ODE-RNN, ODE-GRU, and ODE-LSTM with their CODE
counterparts (CODE-RNN, CODE-GRU, CODE-LSTM), the architectures



C. Coelho et al.

0.0025

00020

0.0015

loss.

0.0010

0.0005

0.0000

— ODE-RNN
CODE-RNN
—— CODE-BIRNN

0.0025

00020

0.0015

loss.

00010

0.0005

0.0000

Expert Systems With Applications 273 (2025) 126784

0.005

— ODE-GRU

— ODE-LSTM
CODE-LSTM
—— CODEBILSTM

CODE-GRU
—— CODE-BIGRU
0.004

0.003

loss.

0.002

0.001

0.000

Fig. 16. Training loss through the epochs for the missing data imputation task for the HM dataset, for 1/1. (a) ODE-RNN, CODE-RNN, CODE-BiRNN; (b) ODE-GRU, CODE-GRU,
CODE-BiGRU; (c) ODE-LSTM, CODE-LSTM, CODE-BiLSTM.
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Fig. 17. Training loss through the epochs for the missing data imputation task for the HM dataset, for 39/39. (a) ODE-RNN, CODE-RNN, CODE-BiRNN; (b) ODE-GRU, CODE-GRU,
CODE-BiGRU; (c) ODE-LSTM, CODE-LSTM, CODE-BiLSTM.
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Fig. 18. Training loss through the epochs for future extrapolation task for the DC dataset, for 7/7. (a) ODE-RNN, CODE-RNN, CODE-BiRNN; (b) ODE-GRU, CODE-GRU, CODE-BiGRU;
(c) ODE-LSTM, CODE-LSTM, CODE-BiLSTM.

Table 19
Numerical results on the HM dataset at the future extrapolation task, for ODE-RNN, CODE-RNN and CODE-BiRNN.
Weeks seen/predict [to, 4] ODE-RNN CODE-RNN CODE-BiRNN
MSE,,, + std,y, MSE,,, + std,, MSE,,; + 5td
7/7 [0, 208] 7.33e-2 + 2.00e-4 8.53e-2 + 2.00e-4 1.00e-3 + 6.00e-5
15/15 [0, 208] 1.40e-1 + 5.00e—4 1.05e-1 + 1.20e-3 1.61e-2 + 2.30e-3
Table 20

Numerical results on the HM dataset at the future extrapolation task, for ODE-GRU, CODE-GRU and CODE-BiGRU.

Weeks seen/predict

[toqtf]

ODE-GRU
MSE,

+ std

avg * avg

CODE-GRU
MSE,,, + std

avg = avg

CODE-BiGRU
MSE,,, +std

avg = avg

7/7
15/15

[0, 208]
[0, 208]

8.35e-2 + 9.00e—4
1.76e-1 + 1.0le-2

8.50e—2 + 1.00e—4

+ 4.00e-3 + 2.00e—4
1.10e-1 + 9.00e-5

3.87e-2 + 2.00e-3

exhibit similar performance for both 7/7 and 15/15.

Figs. 18 and 19 show CODE-BiRNN/-BiGRU/-BiLSTM, in general,
exhibit the fastest convergence rates and the lowest loss values. ODE-
RNN/-GRU/-LSTM and CODE-RNN/-GRU/-LSTM present achieve sim-

ilar MSE,

avg

GRU/-LSTM achieve lower M SE,,, values faster.

values at 50 epochs although, in general, CODE-RNN/-

16

Backward extrapolation We performed the backward extrapola-
tion task to predict the hydropower inflow for the past 7 or 15 weeks
after receiving the hydropower inflow for the next 7 or 15 weeks,
denoted by 7/7 and 15/15. The numerical results are shown in Table 22
for architectures ODE-RNN, CODE-RNN and CODE-BiRNN, Table 23
for architectures ODE-GRU, CODE-GRU, CODE-BiGRU and Table 24 for
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Numerical results on the HM dataset at the future extrapolation task, for ODE-LSTM, CODE-LSTM and CODE-BiLSTM.

Weeks seen/predict [ty 171 ODE-LSTM

MSE,, + std,,

8

CODE-LSTM
MSE,,, +std,,,

avg =

CODE-BiLSTM
MSE,,, + std,,,

7/7
15/15

[0, 208]
[0, 208]

1.03e-1 + 8.00e—4
1.40e-1 + 3.00e-4

9.63e-2 + 9.00e-5
1.41e-1 + 3.00e—4

4.18e-2 + 1.30e-3
1.10e-1 + 7.00e-4
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Fig. 19. Training loss through the epochs for future extrapolation task for the DC dataset, for 15/15. (a) ODE-RNN, CODE-RNN, CODE-BiRNN; (b) ODE-GRU, CODE-GRU, CODE-

BiGRU; (c) ODE-LSTM, CODE-LSTM, CODE-BiLSTM.

Table 22
Numerical results on the HM dataset at the backward extrapolation task, for ODE-RNN, CODE-RNN and CODE-BiRNN.
Weeks seen/predict [ty to] ODE-RNN CODE-RNN CODE-BiRNN
MSE , # std,, MSE,, # std,, MSE,; + 5td,,
7/7 [208, 0] 5.24e-2 + 3.00e—4 4.26e-2 + 2.00e-5 2.25e-2 + 1.00e—4
15/15 [208, 0] 1.41e-1 + 0.0019 1.04e-1 + 1.80e-3 4.25e-2 + 1.20e-3
Table 23
Numerical results on the HM dataset at the backward extrapolation task, for ODE-GRU, CODE-GRU and CODE-BiGRU.
Weeks seen/predict [ty to] ODE-GRU CODE-GRU CODE-BiGRU
MSE, # std,, MSE,, # std,, MSE,, # std,,
7/7 [208, 0] 5.56e-2 + 2.00e-3 4.26e-2 + 7.00e-5 2.58e—-2 + 2.00e—4
15/15 [208, 0] 1.86e-1 + 1.27e-2 1.12e-1 + 8.00e-5 4.34e-2 + 7.00e—-4
Table 24
Numerical results on the HM dataset at the backward extrapolation task, for ODE-LSTM, CODE-LSTM and CODE-BiLSTM.*?
Weeks seen/predict [ty to] ODE-LSTM CODE-LSTM CODE-LSTM
MSE,, + std,, MSE,,, + std,, MSE,,, + std,,
7/7 [208, 0] 1.18e—1 + 5.70e-3 9.67e—2 + 6.80e—3 3.36e—2 + 5.00e—4
15/15 [208, 0] 1.38e-1 + 2.00e—4 1.37e-1 + 2.00e—4 1.09e-1 + 8.00e-4

architectures ODE-LSTM, CODE-LSTM and CODE-BiLSTM.

From Tables 22-24, the performance of the models on the backward
extrapolation task are similar to that observed for the forward extrap-
olation task. Once again, it is worth emphasising that CODE-BiRNN/-
BiGRU/-BiLSTM shows the best performance for 7/7 and 15/15. Among
these variants, CODE-BiRNN performs the best. As expected, when
predicting longer time horizons, all architectures show an increase in

the MSE,,, values compared to smaller time horizons.

DJIA 30 Stock time-series:

The architectures were tested on an irregularly sampled dataset
called DJIA 30 Stock time-series. The dataset consisted of 3019 data
points and included 6 daily features: the stock’s price at open and
close, the highest and lowest price, the number of shares traded, and
the stock’s ticker name. The data was collected between January 3,
2006, and December 29, 2017, for 29 DJIA companies (szrlee, 2018).
However, for this particular study, data from a single company was
utilised.

Missing data imputation We performed the missing data imputa-
tion task to predict data points with 1 feature (stock’s price at close)

3 For doing predictions backward in time using the ODESolve in
ODE-LSTM receives the time interval in the reverse order.

17

and 4 features (stock’s price at open and close, and the highest and
lowest price), denoted by 1/1 and 39/39 respectively. The numerical
results are shown in Table 25 for architectures ODE-RNN, CODE-RNN
and CODE-BiRNN, Table 26 for architectures ODE-GRU, CODE-GRU
and CODE-BiGRU, and Table 27 for architectures ODE-LSTM, CODE-
LSTM and CODE-BiLSTM. The evolution of the loss during training for
the predictions with 1/1 and 39/39 features are depicted in Figs. 20
and 21, respectively.

From Tables 25-27, it is evident that the performance of CODE-
BiRNN, CODE-BiGRU, and CODE-BiLSTM models outperforms the oth-
ers, with CODE-BiRNN and CODE-BiGRU offering the best results.
When comparing ODE-RNN, ODE-GRU, and ODE-LSTM with CODE-
RNN, CODE-GRU, and CODE-LSTM, the performances are similar. Addi-
tionally, when the number of features is increased, the M SE,,, values
do not show a significant rise.

Figs. 20 and 21 show that CODE-BiRNN/-BiGRU/-BiLSTM achieve
faster convergence and lower M SE,,, values, out of all architectures.
When comparing ODE-RNN/-GRU/-LSTM and CODE-RNN/-GRU/
-LSTM they present similar loss evolution being ODE-GRU able to
achieve slightly lower M SE,,, values than CODE-GRU.

Future extrapolation We performed the future extrapolation task

to predict the stock’s price at close for the next 7 or 15 days after receiv-
ing the stock’s price at close for past 7 or 15 days, denoted by 7/7 and

vg

avg
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Table 25
Numerical results on the DJIA dataset at the missing data imputation task, for ODE-RNN, CODE-RNN and CODE-BiRNN.
Seen/predict features [to, 141 ODE-RNN CODE-RNN CODE-BiRNN
MSE, # std,, MSE,, # std,, MSE,, + 5td,,
1/1 [0, 3019] 4.00e—4 + 2.84e-5 4.00e—4 + 2.91e-5 9.19e-5 + 2.28e—6
4/4 [0, 3019] 3.00e—-4 + 7.80e-7 3.00e-4 + 1.68e—6 2.00e—4 + 1.43e-5
Table 26
Numerical results on the DJIA dataset at the missing data imputation task, for ODE-GRU, CODE-GRU and CODE-BiGRU.
Seen/predict features [to, 141 ODE-GRU CODE-GRU CODE-BiGRU
MSE,,, +std,, MSE,, +std,, MSE,,, +std,,
1/1 [0, 3019] 4.00e—4 + 2.18e-5 3.00e—4 + 2.17e-5 8.96e-5 + 4.68e—6
4/4 [0, 3019] 3.00e-4 + 1.31e-6 3.00e-4 + 7.50e—6 1.00e-4 + 8.62e—6
Table 27

Numerical results on the DJIA dataset at the missing data imputation task, for ODE-LSTM, CODE-LSTM and CODE-BiLSTM.

Seen/predict features [to, 141 ODE-LSTM CODE-LSTM CODE-BiLSTM
MSE,,, +std,, MSE,,, * stdy, MSE,,, +std,,
1/1 [0, 3019] 2.00e—4 + 1.97e-6 2.00e-4 + 1.11e-6 2.00e-2 + 9.58e—-6
4/4 [0, 3019] 3.00e-4 + 3.68e—6 4.00e-4 + 4.56e—6 2.00e-4 + 9.03e-6
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Fig. 20. Training loss through the epochs for the missing data imputation task for the HM dataset, for 1/1. (a) ODE-RNN, CODE-RNN, CODE-BiRNN; (b) ODE-GRU, CODE-GRU,

CODE-BiGRU; (c) ODE-LSTM, CODE-LSTM, CODE-BiLSTM.
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Fig. 21. Training loss through the epochs for the missing data imputation task for the HM dataset, for 4/4. (a) ODE-RNN, CODE-RNN, CODE-BiRNN; (b) ODE-GRU, CODE-GRU,

CODE-BiGRU; (c) ODE-LSTM, CODE-LSTM, CODE-BiLSTM.

15/15. The numerical results are shown in Table 28 for architectures
ODE-RNN, CODE-RNN and CODE-BiRNN, Table 29 for architectures
ODE-GRU, CODE-GRU, CODE-BiGRU and Table 30 for architectures
ODE-LSTM, CODE-LSTM and CODE-BiLSTM. The evolution of the losses
during training for predictions with 7/7 and 15/15 are depicted in
Figs. 22 and 23, respectively.

The results in Tables 28-30 show that, CODE-BiRNN/-BiGRU/-
BiLSTM stand out from the others, consistently achieving the best
predictive performance, for 7/7 and 15/15. Among these variants,
CODE-BiGRU offers the best performance for 7/7 while CODE-BiRNN
presents the lowest M SE,,,, for 15/15. CODE-LSTM presents the lowest
performance out of all networks, for 7/7 and 15/15 and, in general
ODE-RNN/-GRU/-LSTM have lower or similar M SE,,, values when

18

compared to CODE-RNN/-GRU/-LSTM. This was expected since the ar-
chitecture of these proposed networks do not consider the information
given by the input to update the hidden state passed onto the next
iteration.

From Figs. 22 and 23 CODE-BiRNN/-BiGRU/-BiLSTM exhibit the
lowest loss values. In general, reveal unstable loss evolution for all
architectures, for 7/7, being CODE-BiRNN/-BiGRU/BiLSTM the most
stable and providing the lowest M SE,,,, values throughout the epochs.
Furthermore, ODE-RNN/-GRU/-LSTM shows lower MSE,, values
than CODE-RNN/-GRU/-LSTM, corroborating the test results in
Tables 28-30. For 15/15, CODE-RNN/-GRU/-LSTM show fastest con-
vergence. The loss value of all models increases around epoch 40,
suggesting the implementation of an early stopping criterion could be
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Table 28
Numerical results on the DJIA dataset at the future extrapolation task, for ODE-RNN, CODE-RNN and CODE-BiRNN.
Days seen/predict [to, 141 ODE-RNN CODE-RNN CODE-BiRNN
MSE,, + std,, MSE,, + std,, MSE,,, + std,,
7/7 [0, 3019] 1.60e-3 + 8.00e—4 3.12e-2 + 1.00e-3 1.10e-3 + 2.00e—4
15/15 [0, 3019] 1.60e—2 + 6.00e—4 1.41e-2 + 8.10e-3 8.00e—4 + 5.00e-4
Table 29
Numerical results on the DJIA dataset at the future extrapolation task, for ODE-GRU, CODE-GRU and CODE-BiGRU.
Days seen/predict [to, 1,1 ODE-GRU CODE-GRU CODE-BiGRU
MSE,,, +std,, MSE,, +std,,, MSE,, +std,,
7/7 [0, 3019] 1.70e-2 + 1.30e-3 3.10e-2 + 3.00e—4 3.00e—4 + 5.00e-5
15/15 [0, 3019] 3.00e-3 + 1.40e-3 1.81e-2 + 1.93e-2 1.80e-3 + 1.00e-3
Table 30

Numerical results on the DJIA dataset at the future extrapolation task, for ODE-LSTM, CODE-LSTM and CODE-BiLSTM.

Days seen/predict [t0,1/1 ODE-LSTM CODE-LSTM CODE-BiLSTM
MSE,,, +std,, MSE,,, *stdy, MSE,, +std,,

7/7 [0, 3019] 4.96e-2 + 8.00e—4 3.19e-1 + 1.34e-2 1.13e-2 + 3.00e-4

15/15 [0, 3019] 1.69e-2 + 4.50e-3 3.06e-1 + 1.21e-1 3.20e-3 + 5.00e-4
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Fig. 22. Training loss through the epochs for future extrapolation task for the DC dataset, for 7/7. (a) ODE-RNN, CODE-RNN, CODE-BiRNN; (b) ODE-GRU, CODE-GRU, CODE-BiGRU;

(c) ODE-LSTM, CODE-LSTM, CODE-BiLSTM.
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Fig. 23. Training loss through the epochs for future extrapolation task for the DC dataset, for 15/15. (a) ODE-RNN, CODE-RNN, CODE-BiRNN; (b) ODE-GRU, CODE-GRU, CODE-

BiGRU; (c) ODE-LSTM, CODE-LSTM, CODE-BiLSTM.

Table 31
Numerical results on the DJIA dataset at the backward extrapolation task, for ODE-RNN, CODE-RNN and CODE-BiRNN.
Days seen/predict [t7.50] ODE-RNN CODE-RNN CODE-BiRNN
MSE,, + std,y, MSE,,, + std,, MSE,, + stdy,
7/7 [3019, 0] 1.80e—3 + 9.00e—4 3.19e-2 + 1.00e-3 1.40e-3 + 2.00e—4
15/15 [3019, 0] 1.40e-2 + 6.00e—4 1.36e-2 + 7.00e-3 1.00e-3 + 5.00e—4

beneficial.

Backward extrapolation We performed the backward extrapola-
tion task to predict the stock’s price at close for the past 7 or 15 days
after receiving the stock’s price at close for the next 7 or 15 days,
denoted by 7/7 and 15/15. The numerical results are shown in Table 31
for architectures ODE-RNN, CODE-RNN and CODE-BiRNN, Table 32
for architectures ODE-GRU, CODE-GRU, CODE-BiGRU and Table 33 for
architectures ODE-LSTM, CODE-LSTM and CODE-BiLSTM.

From Tables 31-33, the performance of the models on the back-
ward extrapolation task are similar to that observed for the forward
extrapolation task, with CODE-BiRNN/-BiGRU/-BiLSTM demonstrating
the highest performance for 7/7 and 15/15. Among these variants,
CODE-BiGRU performs best. As expected, when predicting longer time
horizons, all architectures show an increase in the M SE,,,, values com-
pared to smaller time horizons. Furthermore, in general, CODE-RNN/-
GRU/-LSTM perform less effectively than ODE-RNN/-GRU/-LSTM.
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Numerical results on the DJIA dataset at the backward extrapolation task, for ODE-GRU, CODE-GRU and CODE-BiGRU.

Days seen/predict [t/.10] ODE-GRU CODE-GRU CODE-BiGRU
MSE,, + std,,, MSE,, +std,, MSE,,, + std,,,
7/7 [3019, 0] 1.76e—2 + 1.40e-3 3.17e-2 + 3.00e—4 6.00e—4 + 7.00e-5
15/15 [3019, 0] 2.20e-3 + 9.00e—4 1.78e-2 + 1.78e-2 2.10e-3 + 1.00e-3
Table 33
Numerical results on the DJIA dataset at the backward extrapolation task, for ODE-LSTM, CODE-LSTM and CODE-BiLSTM.*
Days seen/predict [t/.10] ODE-LSTM CODE-LSTM CODE-LSTM
MSE,, +std,,, MSE,,, +std,, MSE,,, +std,,
7/7 [3019, 0] 1.0le-1 + 2.10e-3 1.69e0 + 1.06e-1 1.29e-2 + 3.00e—4
15/15 [3019, 0] 4.24e-2 + 1.47e-2 7.32e-1 + 2.24e-1 3.80e-3 + 6.00e-4

4. Conclusion

In this work, we have introduced Neural CODE, a novel NN ar-
chitecture that adjusts an ODE dynamics to model data both forward
and backward in time. To achieve this, Neural CODE minimises a loss
function that considers both forward predictions, obtained by solving
an initial value problem, and backward predictions, obtained by solving
a final value problem, over time. In doing so, Neural CODE effec-
tively captures the dependencies between data points by accounting for
how both past and future values influence the current value, thereby
improving the interdependencies within the data.

Furthermore, we have proposed two innovative recurrent archi-
tectures, CODE-RNN and CODE-BiRNN, which use Neural CODE to
model the states between observations. Additionally, GRU and LSTM
update cell variants were introduced in these architectures originating
CODE-GRU/-LSTM and CODE-BiGRU/-BiLSTM architectures.

Our experimental evaluation clearly demonstrates that Neural CODE
surpasses Neural ODE in terms of learning the dynamics of a spi-
ral ODE when making predictions both forward and backward in
time. This highlights the significant impact of considering data from
both directions on the performance of the trained models. Further-
more, when applied to modelling real-life time-series using the recur-
rent architectures ODE-RNN/-GRU/-LSTM, CODE-RNN/-GRU/-LSTM
and CODE-BiRNN/-BiGRU/-BiLSTM, our results indicate that CODE-
BiRNN/-BiGRU/-BiLSTM stands out as the architecture with the highest
accuracy, faster convergence, and the ability to reach the lowest train-
ing loss values. These experimental findings provide strong evidence
that Neural CODE-based architectures effectively double the available
information for fitting the ODE, enhancing the optimisation algo-
rithm’s capabilities and resulting in faster convergence and superior
performance. Learning the context from both past and future observa-
tions enables the capture of patterns and trends, leading to improved
generalisation and increased resilience against possible existing data
errors.

Overall, leveraging both the forward and backward solutions of an
ODE proves to be a powerful approach for data fitting, offering superior
performance, generalisation, and robustness compared to solely relying
on forward solutions. However, it is crucial to consider the trade-off
between these benefits and the associated computational resources and
complexity.

While this work highlights the advantages of Neural CODE, several
directions for future research remain:

» Many real-world systems are not perfectly time-reversible due to
factors such as energy dissipation, irreversible processes, or infor-
mation loss. Further investigation is needed to evaluate the appli-
cability of Neural CODE and recurrent Neural CODE architectures
to these systems;

3 For doing predictions backward in time using the ODESolve in
ODE-LSTM receives the time interval in the reverse order.
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CODE-RNN, CODE-GRU, CODE-LSTM, CODE-BiRNN, CODE-
BiGRU, and CODE-BiLSTM architectures employ merging oper-
ations to integrate information from both directions. The effect
of different merging operations on the performance of recurrent
Neural CODE architectures remains an open question;

With the rising popularity and performance improvements offered
by attention mechanisms, it is worth exploring the integration of
Neural CODE with attention mechanisms to evaluate its potential
for enhancing long-term dependency modelling in time-series
forecasting;

The architectures proposed in this work can be applied to prob-
lems in various domains being important to study and explore
their applicability and performance gains;

A comprehensive study on the effect of the hyperparameter choice
in their performance should be carried out;

With the growing emphasis on the interpretability of NNs, it is
essential to use/develop methods for analysing internal dynamic
changes, assessing feature importance, and understanding the
decision-making processes of the proposed architectures. Such
investigations would offer deeper insights into their mechanisms
and could also drive further enhancements in the architectures
and broaden their range of applications.
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Appendix. Background

This appendix aims to provide some background information on
the developments discussed in Section 2. We will introduce a brief
description of Neural ODE, RNN, ODE-RNN, and BiRNN.

A.1. Neural ODE

In traditional NNs, a sequential arrangement of hidden layers h;
is employed to transform an input vector x; € R? into the desired
predicted output , € R (Chen et al.,, 2018). This transformation
is achieved by propagating the output of each layer to the next one,
following Eq. (A.1) until reaching the output layer and obtaining the
desired predicted output as indicated in Eq. (A.2),

h; = c(Wllh,_, + bli), A1)

¥ = oW, + plou), (A.2)

Here, hy, is the input layer, ¢ an activation function, W € R"*¢ the
weights matrix of layer i with n neurons, b'"! € R" the biases of layer i,
Wwloutl ¢ Rd*xn the weights matrix of the output layer and bl € R
the biases of the output layer.

In Chen et al. (2018), the authors introduced Neural ODE, a NN
architecture that models hidden states using a continuous-time func-
tion. Unlike traditional NNs that rely on discrete layers, Neural ODE
employs an infinite number of hidden layers, approaching a continuum.
The output of these layers is defined as the solution of an IVP,
dh(t) _
Tdr
where f is given by a NN, parametrised by a set of weights and biases,
0, t is the time step of the solution and (hy, ) is the initial condition
of the IVP.

One significant advantage of training a Neural ODE is that it pro-
duces a continuous-time function. Consequently, predictions can be
made at any desired time point by discretising the function using a
numerical ODE solver:

Fo(h().1) with h(ty) = h, (A.3)

h(1) = ODESolve(f g, h, [19,1,]),

with h(f) the solutions computed by solving the IVP (A.3) in the time
interval [, ].

Taking fg(h(),t) to be a NN, which builds an ODE dynamics with
learnable parameters @ and the input vector (x,f) € R?*! that corre-
sponds to the first time step 7, of the time-series, the input layer h is
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Fig. A.24. The adjusted ODE dynamics, f, is given by a NN with an input layer with
the dimension d + 1 to accommodate the input vector, x € R? with d features, and its
time step, t € R.

given by (A.4):

h(ty) = hy = o (W (x, 1) + b)) , (A.9)

where Wl ¢ R"™%d+1 and pli"l € R” are the weight matrix and the bias
vector of the input layer, respectively.

Consider a single hidden layer, h € R", with » neurons, q,, a batch
size of 1 given by the Neural ODE, f, (see Fig. A.24).

The dynamics built by such a NN has the form:

Fo(h(®),1) = o (WPl c(W U h(,) + b)) + plovl) (A.5)

where o represents an activation function, h(f,) € R" is the output of
the input layer, (A.4), Wl € Rmxn wlovll ¢ Rd*xn are the matrix of the
weights of the hidden and output layers and bl € R”, p*1 € R?" are
the bias of the hidden and output layers, respectively.

Upon examining (A.4) and (A.5), it becomes apparent that a NN is
a composition of linear transformations with the application of various
activation functions ¢. These activation functions can either be linear
(such as identity or binary step functions) or non-linear (including sig-
moid, hyperbolic tangent (tanh), rectified linear unit (ReLU), softmax,
etc.).

When all activation functions in the NN that constructs f, are
linear, it results in a linear ODE. However, linear activation functions
are not commonly used as they cannot effectively capture complex
relationships within the data. Consequently, they limit the represen-
tational power of the NN and hinder its performance in the given
task (Goodfellow et al., 2016). On the other hand, by incorporating one
or more non-linear activation functions in the dynamics builder NN, it
becomes a non-linear ODE.

In addition to the NN that models the function dynamics fq and by
optimising its parameters 6, a Neural ODE also incorporates an ODE
solver. The ultimate outcome of training a Neural ODE is the learned
function fo. To make predictions y;, i € 1,...,N at specific time
points ¢; within the prediction time interval [z|,75], the IVP is solved.
The solutions obtained from solving the IVP, h(1;) = h;, represent the
predictions at each respective time step 7;, i € 1,..., N.

Remark. In some cases the solutions h(z;) obtained from the Neural
ODE do not directly correspond to the desired predictions y;. In such
cases, an additional NN can be employed to process the intermediate
solutions h(r;) and produce the final predictions J;.

A.2. RNNs

RNNs (Elman, 1990) are a type of artificial NN that are specifically
designed to process sequential data. Unlike feed-forward NNs, which
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Fig. A.25. Scheme of a BiRNN unfolded through time.

process inputs in a single pass and do not have memory of previous
inputs, RNNs have a form of memory that allows them to retain and
utilise information from previous steps or time points in the sequence.

The key characteristic of an RNN is its recurrent connection, which
forms a loop that allows information to be passed from one step to
the next (from one hidden state at time step #,_;, h;_;, into the next
one, h;). This loop enables the network to maintain an internal state or
hidden state that captures the context and dependencies of the previous
steps. The hidden state serves as a memory that encodes information
about the sequence up to the current step, allowing the network to
make decisions or predictions based on the entire previous observations
rather than just the current input. Mathematically, a RNN cell which
forms the layers of an RNN, can be defined for i =1,..., N:

h = O.(W[feedback]hv L+ W[in]x + b[iJ)
1 1— 1

where h; € R” is the initial hidden state vector h, is initialised at the
start of the recurrent computation, W feedbackl ¢ gnxn js the recurrent
matrix that contains the weights that link the two hidden state vectors
at time step 7,_; and 7;,, Wlnl € R"™*¢ is the matrix of the weights
between the input and all hidden state vectors, x; € R?, bll € R” is the
bias vector of the current hidden state and o is an arbitrary activation
function.

At each step 7; in the sequence, an RNN takes an input, processes
it along with the current hidden state, and produces an output and an
updated hidden state. The input can be any form of sequential data,
such as a time-series, a sentence, or a sequence of images. The output
can be a prediction, a classification, or another sequence of values.

The update of an RNN cell at a time step ¢, is usually represented
concisely as:

h; = RNNCell(h;_,.x,). (A6)

The predicted output at time step 7;, §;, is computed by applying an
output layer to the hidden state h; (Elman, 1990):

j/- — o‘(W[OUt]h- + b[out])
1 1
where Woutl ¢ R4"x js the matrix of the weights between the hidden

state and the output vectors, b!°") € R?" is the bias vector of the output
layer and y, € RY" is the prediction at time step i.
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A.3. ODE-RNN

RNNs adjust a discrete-time dynamics with states defined at each
time step, denoted as ;. However, the states between data observa-
tions, occurring in the interval [¢;,7,,,], remain undefined. Moreover,
RNNs face challenges when handling irregularly sampled data due to
the inability to perceive the sampling intervals between observations.
Consequently, preprocessing of such data becomes essential to achieve
regular sampling intervals, although this process introduces potential
errors (Rubanova et al., 2019).

To address these limitations, Rubanova et al. (2019) introduced the
ODE-RNN architecture, which defines the states between observations
using an ODE.

Instead of using the previous hidden state h;_,, as in (A.6), for the
RNN update, it employs an intermediate hidden state h/ instead,

h; = RN NCell(h}, x,). (A7)

The intermediate hidden states are obtained as the solution of an IVP:
1 40)
dt

= fo(h(t),t) with h(t,_;) = h,_,

Thus, the solution is given by:
h) = ODESolve(fg,h;_y,[t;_1.1;])

where h! € R", f, is the ODE dynamics given by the NN with
parameters 0, h;_, is the previous hidden state, and 7;_; and ¢; are the
time steps of the previous and current hidden state, respectively.

ODE-RNNs are well-suited for handling irregularly sampled data due
to their ability to leverage the sampling intervals and adapt to time-
dependent dynamics. This advantage eliminates the necessity for pre-
processing steps, which are typically required when using traditional
RNNs.

A.4. BiRNNs

RNNs have been widely used, within encoder—decoder architectures,
in various applications such as machine translation (Cho et al., 2014),
NLP (Sutskever et al., 2014), and time-series prediction (Hewamalage
et al., 2021).

As previously mentioned, RNNs enable the prediction of the output
at a specific time step #;, §;,, by using past information stored in
the hidden state from the previous time step, h;_;. This captures the
dependency between the current value and the preceding one (Elman,
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1990). However, certain tasks, such as NLP and machine translation,
require predictions that depend not only on the past but also on
the future. Therefore, incorporating future information can lead to
improved predictive performance.

To address this, Schuster and Paliwal (1997) introduced BiRNNs,
an architecture composed of two stacked RNNs. The first RNN receives
the input sequence in its original order, from x; to x,, while the
second RNN receives the same sequence but in reverse order, from
xy to x;. Consequently, one row of the unfolded RNNs captures the
dependence between the previous value and the current one through
forward hidden states, denoted as 75,-. Simultaneously, the other row
captures the dependence between the next value and the current one
through backward hidden states, denoted as h,. This is represented in
the two following equations for i = 1,..., N:

7,’1_ — O'(W[feedb“k];i,-_l + me,- + bm)’

z_ — O.(W[feedback]"_l. L+ wllx + b[bJ)
i i— i s

where W1/l € R"™ is the weight matrix between the input and forward
hidden state vectors, b'/! € R" is the bias vector of the forward
hidden states, W!?) € R™ is the weight matrix between the input and
backward hidden states and b'®! € R” the bias vector of the backward
hidden states.

To get the predicted output at a given time step, J;, the full hidden
state, h;, is computed by performing an aggregation/merging operation
(concatenate, sum, mean, etc.) of the forward, ﬁ,, and backward, Z[,
hidden states of the same time step i (Schuster & Paliwal, 1997) as
follows, fori=1,..., N,

9; = (W, 4 plovtly with h, = h, @ h;,

where @ denotes the aggregation/merging operation used. In our study
and experiments, we chose concatenation. Fig. A.25 depicts the archi-
tecture of a BiRNN.

If multiple layers of BiRNNs are used, the complete hidden state, h;,
is the input for the subsequent BiRNN (Schuster & Paliwal, 1997).

Data availability

Data will be made available on request.
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